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Abstract: 

Nonlinear systems are often subject to random influences. Sometimes the noise enters 
the system through physical boundaries and this leads to stochastic dynamic boundary 
conditions. A dynamic, as opposed to static, boundary condition involves the time derivative 
as well as spatial derivatives for the system state variables on the boundary. Although 
stochastic static (Neumann or Dirichet type) boundary conditions have been applied for 
stochastic partial differential equations, not much is known about the dynamical impact of 
stochastic dynamic boundary conditions. The purpose of this paper is to study possible 
impacts of stochastic dynamic boundary conditions on the long term dynamics of the Cahn- 
Hilliard equation arising in the materials science. We show that the dimension estimation 
of the random attractor increases as the coefficient for the dynamic term in the stochastic 
dynamic boundary condition decreases. However, the dimension of the random attractor is 
not affected by the corresponding stochastic static boundary condition. 
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1 Introduction 

The deterministic Cahn-Hilliard equation was introduced || as a mathematical 
model for the description of phase separation phenomena in materials such as bi- 
nary alloys. The concentration of one of the two components of the binary alloy 
satisfies 



where domain G := IF/ =1 (0, Li), Li > 0, n G {1,2,3} and the boundary is denoted 
by r. The function / is the derivative of a logarithmic potential which is usually ap- 
proximated by a polynomial with strictly positive dominant coefficient. Theoretical 
results on asymptotic dynamical behavior of the system (jl.lj) . under either Neu- 
mann or periodic boundary conditions, can be founded, for example, in the survey 
[2H or the book (SO], and 0121 EEE!- 

Recently physicists have considered phase separation phenomena in confined sys- 
tems \Ui\ \17 \ nn\. where interactions with the walls have to be taken into account. 
This leads to dynamic boundary conditions, i.e., dt<fi appears in the boundary condi- 
tions. For example, one of the important phase separation phenomena when the bi- 
nary alloy is suddenly cooled sufficiently is called spinodal decomposition. Once the 
effective interaction between the wall (i.e., the boundary T) and two components of 
the alloy are short-ranged in spinodal decomposition, the so-called dynamic bound- 
ary conditions have to be taken into account, together with the the Cahn-Hilliard 
equation. Mathematical results concerning the Cahn-Hilliard equation with (deter- 
ministic) dynamic boundary conditions have been obtained recently; see |23| I26 ( 132] 
and references therein. We specially note that the so-called viscous Cahn-Hilliard 
equation with dynamic boundary conditions [22] , 



where e > is a small parameter, An is the Laplace-Beltrami operator on the 
boundary T, \x is chemical potential, v is the unit outer normal vector to T and A is 
some given positive constant. Miranville and Zelik |23| have recently constructed a 
robust family of exponential attractors for this system when the nonlinear functions 
/ and g are of arbitrary growths but satisfy some dissipativity assumptions. 

Moreover, the environmental or surrounding fluctuations may also influence the 
system evolution and thus may be taken into account as well (21 03 El • The present 
paper is concerned with the stochastic version of Eq. (|1.2|) with a stochastic dynamic 



d t = A(-A0 + /(<£)) in G, 




d t 4> = A/x, a. = - 
d v \x = 0, onT, 
d t 4> = A||0 — A0 

m = 0o, 



A<t> + edt<l> + f(<t>), mG, 



d v <t>- g{4>), onT, 



(1.2) 
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boundary condition. It is given by 

d<f> = Afidt + a x dW^, u. = -A<p + ed t (f) + f(<f>), inG, 
d v \i = 0, onT, 

# = (A||0 - A0- d„0 - s(<£))dt + a 2 dTy (2) , onT, 1 ' ' 
0(0) = 0o, 

where and T^( 2 ) are independent Wiener processes which will be explained 

in detail later, and the constants Oi > 0,i = 1,2, for the noise intensities. The 
random fluctuation terms consisting of (W^ 1 ),!^ 2 )) act in the domain but also 
on the boundary T and give a refined description of the underlying microscopic 
mechanism in the phase separation phenomena. To simplify the situation, we only 
consider the case with g = 0, and the potential f(u) is a polynomial of odd degree 
with a positive leading coefficient such as 

2p-l 

f( u ) = Yl a kU k ,a 2p -i > 0,p > 2. (1.4) 

k=l 

There have only been a few works on spatially extended systems under stochastic 
dynamic boundary conditions |13[ IK]. It is intriguing to know the impact of such 
dynamic boundary conditions on the overall dynamics. 

As in the deterministic case [23], we introduce another unknown function, namely, 
ip = 0|r, defined on the boundary T and rewrite Eq. ljl.3jl as a coupled system of ltd 
parabolic stochastic partial differential equations (SPDEs) of the form: 

# = Afidt + a^W^, fi = -A<t> + ed t <j> + f(<j>), x G G, 
d u fi = 0, onT, 

0(0) = 00, ,, ^ 

dip = (A||V — Xtp — d v <(>)dt + a 2 dW ( - 2 \ xeT, { ' } 

V>(0) = ifo, 
0|r = ip- 

The aim of this paper is study the possible impact of the stochastic dynamic 
boundary condition on the overall evolution of the stochastic Cahn-Hilliard equation 
(jl.5j) . To this end, we will, later on in Section 5 (see Remark 5.4), look at the 
dynamic boundary condition but with a positive intensity parameter eo in front of 
the time derivative, 

— dip = (AiiV — Xtp — d v <p)dt + a 2 dW {2) , x G V. (1.6) 
£o 
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We will be able to see an impact of the stochastic dynamic boundary condition by 
looking at how the random attractor varies with the dynamic intensity parameter 
e . 

Based the theory on random dynamical systems [T], we first define a cocycle 
by the stochastic flow corresponding to the solution map for Eq. p.Bjl . Due to the 
additive noise, by introducing appropriate stochastic convolutions, we can solve the 
problem (|1.5|) pathwise, and thus construct a cocycle. As the cocycle is given, we 
then prove the system possesses a random attractor. Since the system considered 
is non-autonomous, we employ the pull-back technique to describe the asymptotic 
behavior. Finally we estimate Hausdorff dimension jllj of the random attractor and 
obtain its dependence on the dynamic intensity parameter eq. 

This paper is arranged as follows. In Section 2, we present some preliminaries 
including some function spaces, inequalities, the spectrum results on some operators, 
the definitions of the noises and the basic framework of random dynamical systems. 
In Section 3, we construct a cocycle, defined via the stochastic flow generated by 
the stochastic Cahn-Hilliard equation (|1.5|) . In Section 4, we prove the existence of 
the random attractor. Finally, in Section 5, we show that the dimension estimation 
of the random attractor increases as the coefficient for the dynamic term in the 
stochastic dynamic boundary condition decreases. However, the dimension of the 
random attractor is not affected by the corresponding stochastic static boundary 
condition. 

2 Preliminaries 

In this section we introduce some function spaces, inequalities, the known spectrum 
results on some operators \'2'A\ and the definitions of the noises For conve- 
nience, we also recall the basic framework of random dynamical systems theory 
and random attractors. 

2.1 Function spaces and noises 

We denote by H (respectively, H(T)) the usual Sobolev space L 2 (G) (respectively, 
L 2 (r)) with the inner product (•, •) (respectively, (•, -)r) and the norm | • | (respectively, 
(| • |)r). Let m(u) be the average over G 




and Hq be a subspace of H defined by 



H = {u£ H : m(u) = 0}. 



Impact of stochastic dynamic boundary conditions 



5 



We define the linear unbounded operator A = — A with domain D(A) = {u G 
H 2 (G) n Hq : d u u = OonT}. Then its spectrum consists of an infinite sequence of 
real eigenvalues = Ao < Ai < A2 < ••• — > 00. The corresponding eigenvectors 
{e^} form a complete orthonormal basis in H. Also notice that {e^ : i £ N} 
is a complete orthonormal basis in H and the function is equal to a constant 
|G| -1 / 2 . By spectral theory, we may define the fractional powers A s of A , s G R, 
by 

00 

A s u = Y,K^ef\ 
i=i 

if u = J2Zo u i e i 1] - The domain of A s l 2 is 

00 00 
Vs = D{A S ' 2 ) = {u = Y,^ef ] : £ A>? < 00}. 

i=0 i=l 

This domain space is endowed with the seminorm |u| s = | J 4 S//2 u|, the semiscalar 
product (u,v) s = (A s / 2 u, A s l 2 v) and the norm: 

\\ u \\s = (Ms + m 2 (ti))5 . 

Therefore, we have 

Vq = H, A°u = u = u — m(u), \\u\\ s = \u\ s = \u\ s , 
and the following Poincare type inequality: 

\u\s < A x 2 \u\ t , s <t,u eV t , 
together with the interpolation inequality: 

\u\xs+(i-x)t < Hs\u\]~ X , s < t, A G [0, l],u € V t . 

We also define the operator B by the Lalace-Beltrami operator, B = —Am, with 

the domain D{B) = H 2 {T). Its spectrum consists of an infinite sequence of real 

(2) 

eigenvalues < fii < fi2 £ ■ ■ ■ —> 00. The corresponding eigenvectors {e) form 
a complete orthonormal basis in H(T). Like the Sobolev space V s defined on G, we 
can define the space V^r on T with the seminorm | ■ | s ,r and the semiscalar product 
(•, -) s ,r, and also have the corresponding interpolation inequality and Poincare-type 
inequality. 

For the additive stochastic term, we assume the following. 
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Assumption 2.1. The stochastic process W{t) := (W^'(t), W^ 2 '(t)), defined on 
a filtered probability space (f2, J 7 , {J^jtgR, P), is a two-side in time Wiener process 
(Brownian motion) on (Hq, H(T)), with covariance operator Q = (Qi,Q2)- It is 
given as the expansions 



oo 



wV\t) = Y d \l<*i ) Pi ) V)<% ) , with Q j eV ) = a? ) e?\j = l,2, (2.1) 

i=l 

where {(e^, e,- 2 ^)}j g N are the orthonormal basis of (Hq, H(F)) from the eigenvectors 

of the operator A and B. Moreover, {(/3£ , )}ieN ar ^ independent (two-sided in 
time) standard scalar Wiener processes (Brownian motions) on the probability space 
(fi, T , P) . It is also assumed that the covariance operator Q = (Qi, Q2) is a Hilbert- 
Schmidt operator, and is of trace class, i.e. irQj = Yli^i < °°>J = 1>2. 

(i) 

The special case Q = I, where I is an identity operator, or equivalently, aY = 
l,j = 1,2 for all % £ N, corresponds to the case of a cylindrical white noise (white 
in both time and space). Therefore, the cylindrical Wiener process does not satisfy 
the above assumption and our result in this paper does not apply to this case. 
In the deterministic case the Cahn-Hilliard equation preserves the spatial average 
of <p in time. According to the definition of W(t), we have J G W^\t, x)dx = 0. 
It guarantees that the white noise does not destroy this property, i.e., the spatial 
average of <j) is still a conversed quantity: 

m(</>(t)) = m(0(O)). (2.2) 

Let us consider the operator A £ defined by 

A £ u = (e + A~ l y l Au, 

for all u 6 D(A E ) = D(A). Then the spectrum of A e consists of eigenvalues r^: 

XI 



1 + eX k 



r k = (e + \ k 

and the corresponding eigenfunction . 

Under Assumption 12. H the linear equation 

dz + A 2 zdt = eAdz + a\dW {1 \ x G G, 
d u z\ r = 0, 

which can be rewritten as the abstract form: 

(e + A~ v )dz + Azdt = o-xA^dW^it), mH , (2.3) 
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has a unique stationary solution given by the Ito integral and Fourier series expan- 
sion 

z(t) = G\ Ji^ e~ A ^ s \l + eA^dW^is) 

- a , y-+~ f* e -r k {t-s) dB W e W (2 ' 4) 

- °1 2^k=l e\ k +l J-oo e a Pk e k ' 

which is also called as a stochastic convolution. As is well known, z(t) is a continuous 
Gaussian process in the space Hq. Moreover, we can prove the process z(t, x) satisfies 
the following regularity (similar to 9 and [TU]^. 

Throughout the paper, the letters C and Cj denote some generic constants, 
which may change from one line to another. 

Lemma 2.2. Under Assumption \2.1V the process Vz(t, x) has a version which is 
v-Holder continuous with respect to (t,x) G R x G, for any v € [0, \),£ > 0. 
Furthermore, if e > 0, we have Az(t,x) E C^R x G), for any v G [0, |)- 

Proof. For the sake of simplicity, we assume G = (0, 7r). Therefore, the eigenfunc- 
tions {e\^ : i G N} satisfy 

|e«|<l, |Ve«|<7A7. 
From the representation (|2.4|) . we can write Vz as the following expansion 

Therefore, using the inequality |Ve[ (x)— Ve[ (y)| < Afc |x — y|, we have the estimate 
for any x, y £ G, e > 0, 



E\Vz(t, x) - V*(t, y)f <o-Ax-y? £+~ J*^ e -^-) ds 

= f k " ?/l 2 ESS TO < ^trQxIx - y?. 

(l) (l) — 
Furthermore, using the inequality \Ae k (x) — Ae k (y)\ < X k \x — y\, for e > 0, we 

obtain 

E\Az(t, x) - Az(t, y)| 2 < a,\x - y| 2 Et°°l /-« e^*"'^ 

(1), l/- D J 

— £1 | r _ ,.|2 V^+oo Q fc A fc £l tr r) I _ |2 
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Moreover, fixing t > s, x G G, we have 
E\Vz(t,x) - Vz(s,x)\ 2 
< *1 Et=i wkxpzUl e 2r ^dr + | e (-*)r* - e^\ 2 dr} 



x>o,y>o 



Writing Cp = sup e , * f 2 / , we get for /? G [0, f ], e > 0, 



£|V*(i,x) - Vz( S ,z)| 2 < (7£j£ (S^rf-lt 



l -L ) \ 4:0 — ± 

(7V +0 ° °fc A fc If _ s |2/3 < _ ,12/3 



(2.7) 



Similarly, for e > 0, i > s, (3 G [0, i], we have 

x) - Az( S , x)| 2 < C Y , \ " \t - s\ 2 ? < Ce-^ls - t\ 2 ? . (2i 
^ (1 + eA fc ) 2 / 3+1 



Consequently, for /? G [0, |], e > 0, by (|2.5|) and (|2.7j) . there exists a positive constant 
C such that 

E\Vz(t,x) - Vz(s,y)\ 2 < C{\x-y\ 2 + \t- s\ 2 f, (2.9) 

for x, y G G, t, s G R. Since the random variable Vz(f,x) — Vz(s,y) is Gaussian, 
then for all m G N, we obtain 

£(|Vz(t, x) - V*(s, y)| 2m ) < C(|x - y\ 2 + \t- s\ 2 ) m ^ 

which gives that Vz(t,x) G C U (M. x G), for any v G [0, \),s > from Kolmogorov 
Theorem ([2S]). Similarly, by (jZHJ and (j23j> . for e > 0, we have Az(t,x) G C"(K x 
G),i/e [0,f). ■ 

Remark 2.3. Note that the estimates for eigenf unctions, |e| | < 1 and |Ve^| < 
\f\~i, are true for rectangular and triangular domains, but not true for disks. It is 
unknown which geometrical conditions (on the domain) imply these estimates. See 
detailed discussions in \1°A 



2.2 Random dynamical systems 

Let (O, T, P) be a probability space and {9t : Q —* f2,i G R} a family of measure- 
preserving transformations such that 9q = !■> an d $t+s = fl[0 S , for all t,s € R. 
Here {#t} is called a metric or driving dynamical system on (f2,.F, P). We always 
assume that # is ergodic under probability measure P. 
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Definition 2.4. Let (X,d) be a Polish space (i.e., complete separable metric space). 
A measurable map 

f : E x £1 x X — ► X, (t,u,x) h-> ip(t,uj)x, 

is called a random dynamical system (RDS) if ip satisfies the cocycle property: 
ip(0, ui) = I, (p(t + s, oS) = <p(t, 6 s uj)ip{s, to), for all t, s £ R and P-a.s. u € fL 

A RDS is said to be continuous if (p(t,uj) : X ^ X is continuous, P-a.s. for u; 
and for every t€R. Notice that the RDS defined above is two-sided in time and 
invertible, ip(t, = ip(—t,9tu>) P-a.s. As random attractors are characterized 
by random sets, we have to deal with some new concepts such as absorbing sets, 
attraction and invariance. Specially the pull-back approach, starting from — oo and 
observing time 0, has been extensively explored in the theory of random dynamical 
systems. Before defining them, we recall a compact random set as defined below. 

Definition 2.5. A set-valued map K : — > 2 X , the set of all subsets of X, is called 
a random compact set if K{uj) is a compact P-almost surely and if to — > d(x,K(ui)) 
is measurable for each x £ X, where d(x,M) := mf y£ M d(x,y). 

The pull-back technique is used to define the following concepts. 

Definition 2.6. Let A(u) and B(uj) be two random sets. We say 

(1) . A(uj) attracts B{uj) if P-a.s., 

lim dist(Lp(t,6- t uj)B(6_ t uj), A(uj)) = 0, 

t— »oo 

where dist(-, •) denotes the Hausdorff semidistance in X, defined as dist(A, B) = 
slippy! inf y< z B d[x, y), forVA, B C X. 

(2) . A{oj) absorbs B(uj) if there exists ts(uj) such that for all t > tg(u;), 

<p(t,9-tw)B(6- t u) cA(w). 

holds P-a.s.. 

It is clear that a random absorbing set is attracting. We call a invariant compact 
attracting set as a random attr actor. Formally [6"1 128j . 

Definition 2.7. A random set A(uj) is called a random attractor for the RDS ip if 
P-a.s. 

(1) . A(lo) is a random, compact set. 

(2) . A(w) is strictly invariant, i.e., (p(t,u)A(uj) = A(9tu>), for Vi > 0. 
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(3). A(co) attracts all bounded deterministic sets in X . 

The existence result of random attractors is stated as follows fe.g..|6*l 151 1281 |2T?] ). 

Theorem 2.8. If there exists a random compact set absorbing every bounded non- 
random set B C X, then the RDS (p possesses a random attractor A(u) 



A{u) = \J Afl(w), 

BcX 



where A#(u;) := f] [j ip{t,9-t^)B is the omega-limit set of B. 

s>0t>s 

Remark 2.9. 

(1) . In fact, a random attractor A(uj) in Definition 12.61 is a global random set 
attractor which is uniquely determined by a attracting compact set ([7j). 

(2) . (p(t, 9-t^)x can be interpreted as the position at t = of the trajectory which 
was at x at time — t, that is, while time t is moving, the trajectory ip(t, 9-tu>)x is 
always at the position at time zero. Therefore, the random attractor in Definition 
12.71 is also called as the "pullback attractor" . 

One of the results in the theory of global attractors for deterministic systems is 
that the Hausdorff dimension of the attractor is often finite. Although the random 
attractor is not uniformly bounded, it is expected that the techniques on the Haus- 
dorff dimension of a global attractor of a deterministic system can be generalized 
to the stochastic case under some assumptions ^2l2ni- In fact, based on Laypunov 
exponents, Debussche jll| showed that the Hausdorff dimension of a random attrac- 
tor is finite if the corresponding cocycle ip(t, u) satisfies some properties, especially 
uniformly differentiability. The following conclusion is due to Debussche jllj . 

Theorem 2.10. Let A{to) be a compact measurable set which is invariant under a 
random map S{oj),uj £ VL, for some ergodic metric dynamical system (fi, P, (9t)t<=s.)- 
Assume that 

1. S(uj) is almost surely uniformly differentiable on A{u),that is, for every u,u + 
h G A(uj), there exists D(S(lo;u)) in C(H), the space of bounded linear oper- 
ator from a Hilbert space H to itself, such that 

\S{uj){u + h)- S(uj)u - DS(u; u)h\ < k(uj)\h\ 1+ ^, 

where fi > 0,k(uj) is a random variable satisfying k(oj) > 1, E(logk) < oo. 
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2. Ud(DS(uJ,u)) < 0Jd{u) for u G A(u>) and some random variable u)^{uS) satisfy- 
ing _E(log(u>d)) < 0, where 

Ud(L) = ai(L) ■ ■ ■ a d (L),ai(L) = mf sup \Lip\g for L £ C(H). 

dimF<i-l ^f F± 

\<p\h =1 

3. ai(DS(uJ,u)) < ai(u>), for u G A(u) and a random variable ct±(u) > 1 with 
E(log ai) < oo. 

Then the Hausdorff dimension djj(A(uj)) of A(u) is less than d almost surely. 



3 Stochastic flow 

The stochastic Cahn-Hilliard equation with stochastic dynamical boundary condi- 
tions is non-autonomous, and thus it is impossible to define a semigroup on the 
phase space. In fact, a solution of the stochastic equation gives a stochastic flow 
instead of a semigroup. In this section, we introduce stochastic convolutions to solve 
the problem Q1.5JI pathwise and obtain the corresponding stochastic flow. In fact, 
the stochastic flow satisfies the so-called cocycle property and thus leads to a RDS 
modelling our system. 

Let Q be the set of continuous functions with value (0, 0) G M? at 

Q = {u G C(M,M 2 ) : w(0) = (0,0)}. 

Let T be the Borel sigma-algebra induced by the compact-open topology of Q, and 
P a Wiener measure on (f2, T\ We write 

W(t) = (W^(t),W {2) (t)) = ( W < 1 )(i), W (2) (t))=^) 1 f G K,w G Q, 

and define 



t u(s) = u(t + s)-u;{i), tel. 

It is easy to get 6 t o0 s = t+s in terms of (|2.1|) . Thus (fi, J 7 , P, (#t)teR) is an ergodic 
metric dynamical system which models the white noise. 

Following [22], we introduce the weak energy space L e with the norm 

UMt =e|0| 2 + H\\-i + ml 

and the phase space V with the norm 



1(0, VOI' 



2 _ II j II 2 , |i /,m2 



1 ' W\\1,T 
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For convenience, using the operator A 1 : Hq — > Hq, we rewrite the system (jl.5j) 
as follows: 

(s + A -1 )d# = (A0- < d u (p > r -f(<P))dt + oiA -1 ^ 1 ), x G G, 
#0) = </>o, 

# = (A\\ip -Xip- d v <j))dt + a 2 dW ( - 2 \ x G T, (3.1) 
^(0) = fa, 
0|r = i>, 

where < u >r= j^y J r u{x)dx and / = / — m(f). 

Let z^ 1 ) and z*- 2 ^ be stationary solutions of (|2.3ft and the linear equation 

dz = (A||jb - Az)dt + o^dW^ 2 ), x G T, 
respectively. Similar to Lemma 12.21 we can obtain Vp( 2 )(i,x) G C"(R x T), ^ G 

Set (u, = ((f) — tp — z^). Then (u,v) satisfies 

(e + A~ x )d t u = Au- < d v u > r -]{u + x G G, 
u(0) =0 o -z( 1 )(O), 

a t u = A||U - At> - <%u, x g r, (3.2) 

u(0) = Vo-^ (2) (0), 
u | r = u + z ( 2 ) - z (1) | r , 

where we have used the fact d u z^\r = 0. 

According to [23*] . the system ()3.2|) possesses a unique solution (u, G G([s, i], L e ), 
for every initial value (-u(s), t>(s)) G L e ,s G R, i > s, w G fi, and so, there exists a 
continuous operator S £ (t,s;u>) on the weak energy space L e : 

S £ {t,s;uj) :h £ ^h £ ,S £ {t,s;Lu)((/)(s),i;{s)) = (0(t),^(*)). 

The corresponding stochastic flow can be defined by 

p(t,w)(0(O),^(O)) = 5 £ (i,0; w) (0(0)^(0)). 

Notice that P-a.s., 

5 £ (t,s;o;) = S £ (t,r;u)S £ (r, s;u),S £ (t, s;uj) = S £ (t - s,0;9 s uj). 

It implies that ip satisfies the cocycle property. In the end, ip gives a continuous 
random dynamical system on L e over (f2, J 7 , P, (8t)t£M.) associated with the stochastic 
Cahn-Hilliard equation (|3.1|) under stochastic dynamic boundary condition. 
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4 The random attractor 

In this section, we prove the stochastic Cahn-Hilliard equations (|3.1|) possesses a 
random attractor. We first recall that the stochastic system (|3.1|) possesses the 
conservation law (|2.2|) and, consequently, we cannot expect to construct a random 
attractor in the whole phase space L e . Therefore, we work in the affine space 

Lf = {u G L E : m(u) = (3, < e < 1}, 

with the norm L e , and prove the restriction of the cocycle ((f), if)) on the ~L £ possesses 
a compact absorbing set. By Theorem 12.81 we conclude that the stochastic Cahn- 
Hilliard equations (|3.1j) with stochastic dynamic boundary conditions has a random 
attractor. 

We begin by proving the existence of a absorbing set in L£ . 

Lemma 4.1. Given any ball o/L e , B(0,p) centered at of radius p, for any —1 < 
t < G f2, there exist random variables Rt(u) and t(p;u)) < —2 such that for any 
s < t(p;uj), (cf) s ,ip s ) G B(0,p), 

\S £ {t,s;io)((f) s ,if) s )\<R t {uj), (4.1) 

holds P-a.s. 

Proof. Let (u(t),v(t)) = (u(t, u; s, u s ),v(t, u; s, v s )) be the solution to Eas. l|3.2j) with 
the initial value (u s , v s ) = (<j) s — z^(s), if) s — z^ 2 \s)). Multiplying the first equation 
of 1)3.2(1 by u and integrating over G, we obtain 

\d t {e\u\ 2 + lul 2 ^) = (Au, u) - (f(u + z^),u), (4.2) 

where we have used m(u) = 0. We denote v = v — m(u) and estimate the first term 
of the right hand side of Eq. (|4.2jl as follows: 

(An, u) = (-d t v + A||V - Xv, v) T + {d u u, z& - z^) r - \u\\ 

= -Mi - l^tl^lr - N\\v\r ~ AMr + A K rn{u)) T + (d u u, z& - zP)) r . 

Notice that 

A(t;,m(t;))r < \\v\l + Cf3\ 

and 

{d v u,zW -zM) T < \\d v u\\_i r ||z (2) r 

<\\W\\\+\\\z^h r + \\z^h) 2 . 

2 ' 2 
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Therefore, we have 

(Au,u) < -\d t \v\l - \V\\v\l - ±\v\l - \\u\\ + Cf3 2 + (|M 2 )||i jr + |k (1) |||) 2 . (4.3) 
Since 02 P -i > 0, we see that 

f(x)x > \a 2v ^ - C, \f{x)\ < 2a 2p _ 1 |x| 2 ^ 1 + C, 

for some positive constant C. Therefore, we have the estimate on the second term 
of the right hand side of Eq. (|4.2J) : 



-(/(« + zW),u) = -(/(n + z^),u + z« - m{u) - zW) 

and 



(/(u + zW),m(u) + zW) < 2a2p-i/ G (|u + z( 1 )| 2 P- 1 + +m(n)|dx 

< |a 2p -i|n + z«|? 2p + C(|*«|*, + /3 2 ?> + 1). 

In the end, we obtain 

- (/> + fi) < + *W |g p + |* + + 1). (4.4) 

Summing (jOl) and (|4~1|) into flOj) , for e G (0, 1], we obtain 

d t (e\u\ 2 + \u\l l + \v\ 2 ) + >^\u\ 2 + f |n| 2 x + AM 2 
+\ u \l + 2\v\ 2 r + 3 -^\u + zW\% p (4.5) 
<C(\\zW\\f + \\z^\\ 2 r + p 2 P + l) 

2 2 > 

where we have used inequalities \u\-\ < \± \u\x, \u\ 2 < A^ 1 ^! 2 and the Sobolev 
embedding theorem Va L 2p (n = 1, 2, 3). 

2 

, ^2 

Denoting k = min{ , -4- , A} > and applying the Grownwall lemma to Q4.5J) , 
we obtain 

L e 2 2' 

Thus, for any ball 5(0, p) C Lf and {4>(s), ip(s)) 6 B(0,p), there exists a random 
variable t(p;u) < —2 such that for all s < t(p;ui),t £ [—1,1], 

\Ht),Ht))\lp + fl\H T )Mr))\ydr + Jl \u{t) + zW(T)\f 2p dT 
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Denote by r 2 (a;) the right hand side of the above inequality, which is finite P-a.s. by 
Lemma EH1 Writing R 2 {uj) = 2(r 2 (w) + \(z^ (t), (i))|fj, we complete the proof 
of the lemma. ■ 

Lemma |4.1l shows that for any deterministic bounded set B C B(0,p) in Lf, 
there exists a random time t(p;u>) < —2 such that for any s < t(p;u), 

S £ (-1,s;lo)B C £(0,i?_iH). 

Noticing that 

(p(-s,9 s uj) = S e (-s,0;9 s uj) = S E (0,s;u) = S £ (0,-1;cj)S e (-1,s;uj), 

we find that B{uj) := S £ (0, — 1; uj)B(0, R_i(u!)) is a random absorbing set in Lf. 
Moreover, we can prove B(tu) is compact. In order to do it, we first give some 
estimates. 

Multiplying the first equation of 1)3. 2 Jl by Au and integrating over G, we obtain 
\dMu\\ + |u| 2 ) + = -(/(« + (4.8) 
It is possible to find a positive constant C such that 

/*(«) > ^a 2p _m^- 2 - C, 

and 

|/'(«)| <2(2p-l)a 2p -iu^- 2 + C, 

and thus, it gives 

-(f(u + zW),Au) 
= - f G Vf(u + z^)Vudx 

< -i(2p - l)a 2p _! J G |u|*- 2 |Vu| 2 da; + C|u| 2 + C x {\u + 2«|g p + \Vz^\% p ). 
Finally, (gSJ yields 

a t (e|n| 2 + |u| 2 ) + 2|«H + ^z^=l J G \ u \2p-2\ Vu?dx 

<c\u\\ + c x {\u + Wfo + \v^*.y 1 ' yj 

For any i G [—1, 0], s < —1, we have 
e\u{t)\\ + \u(t)\ 2 

< e\u(s)\l + |n( S )| 2 + Cjl \u(r)\\dr + C x £(|u(r) + *W(r)|g, + |V*W(r)| J 2p )dr. 
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Integrating over [—2, —1] on s leads to 

e\u{t)\\ + \u(t)\ 2 <C [ \u{t)\{dt + C x [ (\ U + zW\%, + \VzW\%,)dt, (4.10) 

J -2 J —2 

which yields 

I\ Ht)\ 2 2 dt < e|«(-1)|? + |^(-1)| 2 + Cj\ \u{t)\\dt + d J^flu + z«|f 2p + \VzW\f 2p )dt 
< Cj° 2 \u{t)\\dt + Cl f°_ 2 (\u + zW\f 2p + \VzW\f 2p )dt. 

Therefore, by (|4.7|l . for s < t{p;uj), we obtain 

sup u>; s, u s )\ < oo, / |u(i, u; s, u s )\\dt < oo. 
te[-i,o] J-i 

The Sobolev embedding theorem V2 ^ L r for r > 2, n < 4, and the interpolation 
approach imply that for g G [2, 00) and j3 G [2, 00), 

/■0 /-O 

y |u(i)|£ 9 df < 00, and thus,y |0(t)|£,di < 00. (4.11) 

Now we state that B(u) satisfies the following compact property. 

Lemma 4.2. The random set B[uS) described above is a compact absorbing set, 
that is, it is compact and absorbs any non-random bounded set: for every bounded 
deterministic set B C B(0,p), we have 

ip(-s,8 s uj)B C B(cj), 

holds P-a.s., for any s < t(p;uj), t(p;uj) defined in Lemma \^.l\ 

Proof. We only need to prove that the random absorbing set B(oj) is compact. Let 
{(0q,Vo) : « £ N} be a sequence in B(uj) and (u n ,v n ) a solution to Eqs. ljH.2j) with 
the initial value (u n {0), v n (0)) = ($} - (0), % - z^(fS)). We easily get, from 
P3j> . that for any t G [-1, 0] 

\(u-(t),v-mi,+l\\Hr)Mrmdr 
< \( u (-l),v(-l))\l + C(l + ^ + JUW^W 2 ? + \\^\\\ r )dr). 

Since |(u(— 1), t>(— 1))| 2 £ < r^_i(u), we deduce that {(-u n ,i> n ) : n G N} is bounded 

in L^-l.O;]]^) n L 2 (-1,0;V), and so, it is compact in L 2 (-l, 0; ). Hence, 
there exists a subsequence {(u nfc ,w™ fe ) : n G N} convergent to a function (u, i>) in 
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L 2 (-1,0;L£). Moveover (u,v) is a solution of Eqs. IpH]) . Let (4>o,^o) = (u(0) + 
«W(0),t;(0) + z( 2 )(0)), it is easy to yield 

0o - 4>l k = u(0) - u n "(0),^ - ^ = v(0) - v n «(0). 

We now prove the subsequence {{(fto k ,ipQ k )} is convergent to {4>q, ipo) m ■ Writing 
(X(t),Y(t)) = (u nk (t) -u(t),v nk (t) -v(t)), then (X(t),Y(t)) satisfies the following 
equations 

(e + A~ 1 )d t X = AX- < 3 V X > r -(f(u n * + z«) - f(u + zW)), x £ G, 
X(0) = <%* - cp , 

d t Y = A ]{ Y - AY - d u X, x 6 I\ (4.12) 

y(o) = ^" fc -V'o, 

X\ r = Y. 

Multiplying the first equation of (|4.12|) by X and integrating over G, we obtain 

^d t (e\X\j + \X\l = (AX, X) - (f(u n * + *«) - f(u + zW),X). (4.13) 

The two terms of the right hand side of Q4.13|) satisfy the following estimates, re- 
spectively, 

(AX,X) < -ld t \Y\l - \V\\Y\l - ±\Y\l - \X\\ + Cm 2 {X), 
- (f(u n * + z« ) - f (u + zW ),X) 

< C\Xf + C 1 |m(X)||X|(l + \u n » + z^\%-_\ + \u + z(% p p Zt), 

where we have used the fact /'(it) > — C, and, consequently, from (|4.12|) and the 
estimate |m(X)| < C|X|, we deduce 

d t \(X(t),Y(t))\l, < C(l + \u<* + zW\%~ p t + \u + zW\%~ p t)\X\ 2 

< C (l + \u^+zU\%;t + \u + zW\%-t)\X\le (4.14) 
:=C(t)\X\l,, 

which leads to 

|(X(0),Y(0))| 2 , < \(X(t),Y(t))\lf 5 ° C{s)ds - 
Integrating the above inequality over [—1,0], we obtain 

|(X(0), Y(0))| 2 , < e^ CMd ^X(t),Yml 2{ _ lfi;h ,y (4-15) 

which implies that the sequence {((pQ k ,tpQ k )} converges to ((j>o,ipo), and thus, B(u) 
is compact. ■ 

Finally, using Theorem 12. 8| we conclude 
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Theorem 4.3. The random dynamical system associated with the stochastic Cahn- 
Hilliard equation \1.5\) with stochastic dynamic boundary conditions possesses a ran- 
dom attractor A e {u). 

A compact absorbing set with the w-wise attraction property guarantees the 
existence of the random attractor, but the union in to of A £ (uj) is not compact in 
general. Since P is invariant under 6t, the forward attraction property from to oo 
can be obtained w.r.t. convergence in probability, that is, 

lim P(dist((p(t, lu)B , A e {6 t uj)) < rj) = 1, 

holds for any n > and all deterministic bounded set fl C if. This means the 
trajectories starting from B at time is always attracted by the moving compact 
set A £ (6tuj). 

5 Impact of stochastic dynamic boundary conditions 

To investigate the impact of the stochastic dynamic boundary conditions on overall 
evolution, we estimate the Hausdorff dimension of the random attractor associated 
with the stochastic Cahn-Hilliard equations (jl.5|) or Q3.1JI . We hope to find a upper 
bound of the Hausdorff dimension of the random attractor A e (lo) by using Theorem 

EM 

Define a random map S in C £ by 

S(u) = S £ (l,0;u) = <p(l,(J), 

and an ergodic transformation 9 = 9\. Then the random attractor A £ (uj),uj £ Q is 
a compact measurable set invariant by S. In order to apply Theorem 12. !()( we need 
to check that the three assumptions of this theorem hold. To establish the uniform 
differentiability of the random map S, we first give some estimates. 

Let (4>i(t),ipi(t))(i = 1,2) be two solutions of the problem ()3.1|) with the initial 
values (^(0),^(0)) = 6 and denote (g(t),h(t)) = (t) - 2 (t) ,^ (t) - 

^ 2 (*))- Then (g(t),h(t)) solves 

(e + A~ x )d t g(t) = Ag- < d v g > r -(/(0i) - /(&)), x G G, 
g(0) = 0? - 4>l 

d t h(t) = A||/i- Xh- d u g,x eT, (5.1) 

h(0) 

g\r = h. 



Impact of stochastic dynamic boundary conditions 



19 



Taking the scalar product in H of the first equation of (|5.1|) with g, by m(g) = 
and f'(u) > — C, we get 

d t \(g,h)\le+2\(g,h)& < C\g\ 2 < \\g\\ + (5.2) 

which leads to 

Mt)Mt))\ 2 j0 <e ct \(g(0),h(0))\l,, and f \(g(t), h{t)%dt < C\(g(0), h(0))\tf (5-3) 

o 

The uniform differentiability of the random map S can be stated as follows. 

Lemma 5.1. S(lu) is almost surely uniformly differentiable on A £ (uj) : for (<f>o, i^q), (4>o+ 
h,tpQ + I) € A £ {uj), there exists DS(lo; 4>o,ipo) G C(L^) such that 

\S(u)(<fo + h,ifo + l)-S(u)(ij>oM-DS(u-, 0o,V>o)(M)l L f <*(w)|(fc,Z)|JJ M , 

ZioWs P-a.s. ; where n > 0, A; (a;) > 1, J5(log < oo, DS{uj;(j)o,ipo)(h,l) = ($(1),*(1)), 

and ($(t), Vl'(t)) zs a solution to the first variation system of the system h'i.l\) 



(e + A-^dt® = A$- < d u § > r -f'(4>)$, x e G, 
$(0) = /i, 

9 t * = A||*-A*-^$,a;er, (5.4) 
*(0) = Z, 
$|r = *, 

mf/i </>(i) = iS e (t, 0, ; a;)0o a?"^ m(/t) = 0. 

Proof We write (r(i),g(t)) = ((f>i(t) - 4> 2 {t) - $(*), V>i(*) - ^(i) - *(*)), where 

((()i(t),ipi(t)){i = 1,2) are two solutions to the problem (|3.1|) with (</>j(0), ipi(0)) = 

(<$,ipi) S Ae(v) and ($(t),^(t)) satisfies the linear system with 4> = §i and 
(/!,/) = (^0 _ 00^0 _ ^0)_ Then ( r (fy q (fy solves 



(e + A-^ftr = Ar- < $,r > r -f(tf>i) + f(<h) + f'(<h)$, * G G, 
r(0) = 0, 

<9tg = A||q - A<? - 9^r,x 6 T, (5.5) 
q(0) = 0, 
r| r = q- 

It is easy to obtain m(<I>) = m(r) = since S £ (t) maps Lg into itself for V/3 G R. 
Taking the scalar product in H of the first equation with r, we get 



d t \(r(t), q(t))\% + 2\(r(t), q(t))\i + 2X\q\ 2 r = 2(-/(</> 1 ) + + /'(<fc)$, r). (5.6) 
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By the Holder inequality and the Sobolev embedding theorem, for s 6 [|, 2] and its 
conjugate exponent s* £ [2,6], the right hand side of the above inequality may be 
estimated as 



2(-/(&) + /(&) + /'(&)*, r) 
= 2(-/(0a) + f(<p 2 ) + /'(0 2 )(0i -<h~r),r) 

< C\r\ 2 + 2|/(^) - f{<j> 2 ) - /'(0 2 )(0i - 2 )Mr|iX 

< | r |2 + C7 | r |2_ i + dl/^) - /(0 2 ) - - 2 )|! 



where the fact f'((j>2) > — C is used. We continue to estimate the third term of 
ipr7j> . For < S < | - 1, we have 



\f(<h.)-f(<h)-f'(<h)(4 



< C\(\^\ 2 p- 3 + \fo\ 2p - 3 + l)(0i - 2 ) 2 || 

< C/ G (|0i| + \(h\ + l)-(2p-2-5)| 0l _ h \s(l+6) d 

h\ s £r 2 ~ 6) +\h\f 



i - wiz,* 

L 3 



< cd^i^r 2 "^ + i^i? s 2 r 2_5) + 1)101 - h s{i+s \ 



where s\ = ^rfn^gr • Therefore, Ea. (|5.6|l gives 

ftl(r(*),g(t))|^ 

< cki 2 ., + c x m 2 Sr 2 ' 5) + \H 2 Sr 2 ~ s) + 1)101 - 2 i 2 ^ (5.8) 

< c\rw + ^mfr 2 ^ + \H 2 £ p - 2 - 5) + 1)101 - 4>2\\ +5 \4>i - h 1 ^- 

By (JS3J) and (pT%|l . we have 

Mi), q (i))\is < c sim 2 $r 2 ~ s) + \<t>2\ 2 Sr 2 - 5) + 1)101 - fcij+'&KMijj' 

:=fc 2 |(M)l5 +5) , 

where s 2 = 4(2p— 2— 6)/{l— S). Choosing A; = max{/c,l}, which satisfies ^(log k(u)) < 
oo by (j4.11j) , we conclude the proof of Lemma 15.11 ■ 

We continue to verify that assumptions (2) and (3) of Theorem 12.101 hold in 
terms of the following lemma. 

Lemma 5.2. For any (0o,*0o) S A(lu), there exist a random variable ai(u>) such 
that 

a^DS^cpQ^o)) < ax{oS),a\{u) > 1, E(logai(u)) < oo, (5.10) 
and another random variable u>d(u) such that 

^d{DS(uj;(/)o,Tp )) <Cu d (uj),E log LU d (uj) < 0, (5.11) 
where the notations tod and ct\ are defined in Theorem \2.1(\ 
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Proof. Multiplying the first equation of the variation system ()5,1|) scalarly in Hq by 
<]?, for h £ Hq, we have 

d t |($,*)|^ + |($,*)|2 +2\\V\ 2 r <2C\$\l v (5.12) 

Hence, we get \(3>(t),ty(t))\^p < \ (h, I) \jp e . Since ai(DS(u>;cj)o,ipo)) is equal to 
the norm of DS(lu; (j>o, tpo) G £(L®), we can choose a constant oti(u) = e c such that 

ai(DS(u, (f>o,ipo)) < ai(u),E(logai(u)) < oo, 

which gives (|5.10|) . As for (|5.11j) . we first write 

DS(uj; <po, ipo) = exp{ / L(s, cp(s),ip(s))ds}, 
Jo 



and L(s,0(s),V(s))($,^) = ((e + A" 1 )" 1 ^- < d v $> > r Ay* - A*). 

Following Ref. [3U], we have 

LJ d (DS(u;;^ , tp )) < sup exp{ / tr(L(s, <f>(s), ip(s)) o Q d (s))ds} ; 

|«il<l,»=l,- ,d 

where Qd(s) is the orthonormal projector in i^o x H(T) onto the space spanned by 
($i(s), *i(s)), ••• , ($d(s), ^(s)), and ($i(s), *i(s)) is the solution to the system 
((S31) with ($i(0),^i(0) = (6,7*). 

Let (<Pi(s),tpi(s)) £ Y, i G N be an orthonormal basis of Hq x -ff(r) such that 
Q d {s){H xH(T)) = Sp a n[{ip 1 (s)Ms)),--- ,(^(s),Vd(*))]- Then 

tr(L(s,0(s),^(s)) oQ d (s)) 

= Ef=i(- L ( g ^( g ))(y»( g ) 1 ^ ( g )> (yi(- s), 

= Eti( A ^- < ^ >r (e + A- 1 )- 1 ^) + Eti(A||Vi - AVi - £W;,^)r 

< -CEti Ni + (e + ^rV) " Eti I^H,r + Eli W§, r N 

< -C Eti Nl + Eti(-/'(^)^, (e + A- 1 )- Vi) + Cxd 2 . 

Writing £ = Ei=i Iv 3 *! 2 an d choosing Holder exponents p n = 1 + A/n,q n = 2 + 
n/2,n < 4, by the generalized Sobolev-Lieb-Thirring inequality (Ref. |HUj ) 
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we have 

tr(L( S ,0( S ),V(s))oQ rf ( s )) 

< -C£ii Ni + (|/'(<A)|C 1/2 , (Etl l(e + ^- 1 )"Vd 2 ) 1/2 ) + C^ 2 

< -^Etx N2 + l/WU-ICI^CEii MI) 1/2 + Ci^ 2 
<-f Eti MI + c 1 \f'(<t ) )\% ri +c 2 d" 

< -dd 1+4 /" + C 2 d + +C 3 d 2 + C|/'(^)|^„ 
<_ Cl d 1+A l n + C 2 + C\f'{ct>)\t qn . 

In the end, we deduce 

u d (DS(u-M )) < exp{-dd 1+4 /" + C 2 + C sup / \f'(<p(t))\% n dtp.U) 

By the invariance of A £ and (|4.11j) . the third term in the exponent of the right hand 
side is finite. Denoting by u>d(u;) the right hand side of (|5.14|) and choosing d such 
that 

_ Cl d 1+i / n + C 2 + C sup [ l \f(<t>(t))\% n dt<Q, (5.15) 

then we have uJd(DS) < Cjd{u) and E(log(u)d)) < 0. 
In conclusion, we have the following result. 

Theorem 5.3. // there exists d such that h5.15\) holds, then Hausdorff dimen- 
sion of the random attractor for the Cahn-Hilliard system under stochastic dy- 
namic boundary condition hi. 5)) is finite and the dimension is bounded by d, i.e., 
d H (A £ (u})) <d, P- a.s. 

Remark 5.4. (Impact of stochastic dynamic boundary conditions.) A in- 
teresting problem is that if the dynamic boundary condition in Eq. hi. 5]) is replaced 
by 

—di; = (A,|V -Xif>- d u (f>)dt + a 2 dW {2 \ xeT, (5.16) 

where £0 > is a scaling parameter modeling the "intensity" of the time- derivative 
component in the dynamic boundary condition, then h5.15\) has to be rewritten as 

4+ re rl 

- Cl d 1+i ' n + C 2 et n +C 3 + C sup / \f'(<j>(t))\f qn dt<0, 

W>o,V>o)e.A e (w) Jo 

n 

which implies d ~ Eq~™ and describes the impact of the dynamical boundary condi- 
tions on the global dynamics. 
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We may think — as the intensity (relative importance) of the time derivative 
component in the dynamic boundary conditions \5.1b]) . If eq is very big (i.e., the 
time derivative term in the stochastic dynamic boundary conditions is very small), 
then the dimension is very big (Note that n = 1,2,3). This says that the dimension 
of the random attractor increases as i decreases, namely, as the time derivative 
term becomes weaker. 

However, in the limiting case £q = oo, i.e., the stochastic dynamic boundary 
conditions reduce to the stochastic static boundary conditions, 

= (A||^ — Xrp — d v <f>)dt + a 2 dW i2 \ x G V, (5.17) 

the dimension does not tend to infinity. Instead, we see that the stochastic static 
boundary conditions \5.17\) do not have impact on the dimension. In fact, we can 
remove Yli=i(^-\\''Pi ~ ~ dutfh ifti)r from the crucial equation hH.lty) . and thus, 
the stochastic static boundary conditions do not affect the later derivations and thus 
have no impact on the Hausdorff dimension of the random attractor. 
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